Chapter 9 — Sampling Distribution Models

We know the sample proportion of observed “successes,” D, is a random variable. We don’t know what value we’ll

find until we actually take a sample. Likewise, we also can recognize that if a different sample were taken
(involving different individuals or objects) we’d most likely get a different value. We need a way to model the

distributions of sample statistics like p or the sample mean x . This will form the basis for statistical inference to
follow.

Intuitively, the mean for a statistic such as p (that estimates the population proportion p) should be close to p if we
have a good (random and independent) sample. Similarly, X should be close to the population mean (. How

close? That’s measured by the standard deviation. The standard deviation of p is defined (actually mathematically

proven) to be o(p)= /M: /ﬂ It can be shown through simulation that if both np >10 and
n n

n(l1—p)>10 that p will be approximately normally distributed. Similarly, we find (for large samples, or in the

. — . . . _ o
case of a normal population) that X has a normal distribution with mean # and standard deviation o(x) =—

i

How can we make use of these facts? Ultimately for inference — making conclusions about what we believe is true
about the actual population parameters. For now, we’ll use these ideas for some probability questions.

USING SAMPLING DISTRIBUTIONS FOR A PROPORTION

The Centers for Disease Control report that 22% of 18-year-old women have a body mass index (BMI) of 25 or
more. These values are associated with increased health risk. As part of a routine health check at a large college,
the physical education department decided to try a self-report system, instead of having girls actually come in to be
measured (height and weight since BMI = weight in kg/(height in m)?, they asked 200 randomly selected female
students to report their heights and weights. Only 31 had a BMI higher than 25. Should the physical education
department continue to use the self-reporting system?

The sample fulfills the conditions necessary for doing the calculations needed. We had 31 females with BMI over
25, so there must have been 169 with BMI 25 or less (according to their reported heights and weights.) The females
were randomly selected, and it’s reasonable that they are less than 10% of all females at this “large college.” First of
all, the observed proportion of the randomly selected females is p = 31/200 = 15.5%. This seems low. What’s the

chance of getting this type of result (or something more extreme) if the national rate really holds at this university?
If the national rate is true here, we should have p = 0.22. This is the mean for the normal distribution. The standard

deviation will be o(p) = % =0.02929. 31268
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To find the chance of our results (assuming, of course that the national model holds) LB292316EY
we’ll first compute the z-score for our observed result. Our observed 15.5% is about L. 133—. 220, 8292
2.2 standard deviations below the expected 22%. Is this unusual? Based on the 68- -2, 219127436
95-99.7 Rule, we can say it is. How unusual is it, exactly?

e R
We’re back to normal models, so we use normalcdf to find the probability of é‘ - 135-. 220|202
being 2.2 (or more) standard deviations below the mean. There is only about a 1.3% -2, 219127436

chance of getting 31 (or fewer) females having a BMI of more than 25 in a sample of |qapmalodf @ -99, -2
200, if the national rate holds here.

- B1328933588

What should the college do about the self-reporting policy? Unless they’ve noticed
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64 Chapter 9 Sampling Distribution Models

that their female students are particularly thin, they most likely should scrap this system. Come on — how many
women (or men for that matter) do you know that would really tell the truth about their height and weight?

Another Example

If we suppose that 13% of the population is left-handed, what’s the chance that a 200-seat auditorium with 15 “lefty
desks” will be able to accommodate all the lefties in a large class? Suppose there are 90 students in the class. We’d
think there should be plenty of seats of each type, wouldn’t we?

First, consider the conditions. We can reasonable believe that 90 students in the class are less than 10% of the
population of all students at the school and could be considered a random sample, “handedness” is independent
among individuals (of course, assuming no twins, triplets, etc), and we expect more than 10 lefties as well as more
than 10 righties since 0.13*90 = 11.7 and 0.87%90 = 78.3. We can proceed to answer the question of interest: what’s
the chance of more than 15 lefties in a class of 90 students?

Since p =p = 0.13, we also have o(p) = % =0.0354. Now we can do the ¢ 15?1 } ?%?E?%%%z
normalcdf calculation to find the chance of more than 15 left-handed students, 1.04519774
which means we’d see a sample proportion in excess of p=15/90=0.167. For riormalcdfol. 35,9
our particular sampling distribution, 0.167 has a z-score of z = % =1.05. « 1462598287
We see that there is about a 14.7% chance of not having enough lefty desks for the

class.
SAMPLING DISTRIBUTIONS FOR A SAMPLE MEAN

The Central Limit Theorem says that as sample sizes get “large,” the distribution of the sample mean X becomes

normally distributed. (This is also what really happens to the sample proportion p if we consider it an average of
0’s (for failures) and 1’s (for successes.) There are various “rules of thumb” for how large is a large enough sample,
but the real answer is that it depends on the shape of the parent (population) distribution. If the distribution is
unimodal and fairly symmetric, even very small samples will give means that look normally distributed.

Did the women at the college “shave” their weights in the example above? The CDC reports that 18-year-old
women in the U.S. have a mean weight of 143.74 1b with standard deviation of 51.54 1b. The 200 women in the
sample reported an average weight of 140 1b. Is this unusually low, or might this just be random sampling variation
at work?

We considered some of the conditions above (we can believe these women are less than 10% of the women at the
“large college”, and they were randomly selected.) Now, since 200 is a pretty large sample, and weights are most
likely unimodal and fairly symmetric, we can also believe that the sample mean X will have a normal distribution.
If these women follow the national pattern, they should have p = 143.74 Ib. The standard deviation of their average
reported weights is not ¢ = 51.41 lb, however, buto(x) =51.41/ m =3.64. We find the z-score on this
distribution that corresponds to an observed average of 140 is (140-143.74)/3.64 = -1.027.
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Doing the normal calculation gives a 15.2% chance of observing an average

reported weight of 140 Ib or less in this sample. That’s not overwhelming -1.82747252Y
evidence of weight shaving. Their results have a good chance of occurring by hotrpalcdf o -39, -1
randomness. . 152218248
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Another Example

The Centers for Disease Control and Prevention reports that the mean weight of adult men in the U.S. is 190 Ib with
standard deviation 59 1b. If an elevator has a limit of 10 people or 2500 lb, what’s the chance that 10 men will
overload it?

We can reasonably assume the 10 men are a random sample from the population, and that they represent less than
10% of the population of men who might use this elevator. It’s also reasonable to believe their weights are
independent of one another. Also, since weights are unimodal and fairly symmetric, it’s reasonable that the average
for these 10 men will have a normal distribution by the Central Limit Theorem.

We must first realize that for the elevator to be overloaded (have total weight more 1
than 2500 1b), the 10 men must average more than 250 Ib each. If these men (2368-1
follow the national model, they will have 4 = u(x) =190 Ib with I

1

o(x)=59/ \/E =18.6571b. The z-score on this distribution that corresponds to

an observed average of 250 is (250-190)/18.657 = 3.216. The probability of these
10 men averaging more than 250 1b is 0.00065. We have a very small chance of
overloading the elevator if people follow the 10 person maximum.

WHAT CAN GO WRONG?

My Results Don’t Match! (Rounding Errors)

Most “errors” are the result of rounding in intermediate steps of the problem. Rounding the standard deviations, the
Z-scores, etc can have an impact on the final answers. This author’s advice is to carry more decimal places than is
really necessary and do all rounding at the end of a series of calculations. Your instructor may have different rules.
If in doubt, ASK!

My Results Don’t Match! (Population vs. Sample)
The other typical error made by students in working with sampling distributions is failure to recognize the difference
between dealing with one observation (or realization of a process) and a sample mean. This means that the error is

usually related to having forgotten to divide the population standard deviation by Jn .
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